Abstract-In multilayer printed circuit boards, the noise on the power bus is influenced by the impedance between the power and ground planes. Power-bus noise estimates require an accurate estimate of the power-bus input impedance. This paper develops a closed-form estimate of the input impedance for circular power-return plane structures. When the structure is lossy (e.g., boards employing embedded capacitance or densely populated boards), the energy reflected from the board edge does not significantly affect the input impedance. In general, the expressions developed here for circular structures can be used to estimate the impedance of lossy power-return plane structures of any shape.
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I. INTRODUCTION
P OWER-BUS noise suppression can be a critical issue in high-speed printed-circuit-board (PCB) and multichip-module (MCM) designs. Common sources of power-bus noise include sudden surges of current drawn by digital devices as they switch states. If the transient noise voltage exceeds the noise margin of another active device connected to the power bus, the design may not work properly. Consequently, it is important to be able to estimate the maximum power-bus noise early in a board's design cycle to ensure the signal integrity and electromagnetic compatibility of the product.
In order to supply the large amount of current demanded by active devices while avoiding significant changes in the power-bus voltage, power distribution networks in PCBs and MCMs are generally designed to have very low impedance over a broad range of frequencies. The impedance associated with active devices mounted on the board surface tends to be much higher than the power-bus impedance. Therefore, most active devices can be modeled as current sources [1] . The power-bus noise voltage at one location due to the current drawn by a component at another location can be calculated using the equation (1) where is the power-bus transfer impedance between these two locations. Several texts and papers have proposed methods to estimate the total transient current drawn by active devices (e.g., [1] - [3] ). Once the total noise current is determined, the magnitude of the power-bus noise voltage can be determined at any given frequency from an estimate of the power-bus transfer impedance between the source and the observation locations. Current multilayer PCBs and MCMs often use solid powerreturn plane pairs for power distribution. With the interaction of vias and devices connected to the power bus (for example, active components, connectors, decoupling capacitors, etc.), it is very difficult to quantify the exact behavior of the entire power distribution system. Though general, full-wave modeling methods such as finite difference time domain (FDTD), finite element method (FEM), method of moments (MoM), and partial element equivalent circuit (PEEC) have been applied to model PCBs and MCMs with power-return plane pairs successfully, these models are relatively complex. In addition, they require a significant amount of time and expertise to implement properly.
In addition to full-wave models, several investigators have used a cavity model to characterize the rectangular power-return plane pair fed by a current source (e.g., [4] and [5] ). By modeling an unpopulated power-return plane pair as a cavity, the input and the transfer impedance can be expressed as double-infinite sums. Recently the double-infinite series expression was further reduced to a single-infinite series by applying a summation formula of a Fourier series [6] . Although the power-bus input and transfer impedance expressions resulting from the cavity model are relatively simple compared to the full-wave model results, the infinite series has to be truncated in practical calculations. The error associated with this truncation depends on the location and the dimensions of the feed port [7] .
In order to estimate the power-bus noise level due to a particular source without running a complicated simulation, a closed-form analytical expression for the input and transfer impedance of power-return plane structures is preferred. In particular, a closed-form expression for the upperbound limit of the power-bus input and the transfer impedance can be used to calculate the maximum noise level. Designers could use the expression to check whether signal integrity might be degraded, to evaluate the effects of various geometric and material parameters on the noise level, or to develop general design guidelines for power buses.
Based on solutions of the two-dimensional (2-D) Helmholtz equation in cylindrical coordinates, a closed-form expression for the input impedance of lossless circular parallel plate structures has been developed in [8] . In this paper, the closed-form expression is modified by a complex propagation constant to include dielectric and conductive losses. A relatively simple analytical expression for the upperbound limit of the input impedance is then derived for general circular power-return plane structures with imperfect conductors and lossy dielectrics. In high-loss power-return plane structures where the board resonances are significantly damped, the input impedance is an upper bound on the transfer impedance between any two points on the board and the exact shape of the boundaries is not critical. Consequently, the closed-form expression for lossy circular parallel plates provides an upper bound on the power-bus transfer impedance between any two ports in high-loss boards of any shape.
II. MODELING CLOSELY-SPACED CIRCULAR POWER-RETURN PLANE PAIRS
The geometry under study is illustrated in Fig. 1 . The circular power and return planes have the same radius and are parallel to each other. A thin layer of dielectric with thickness separates the planes. The noise current generated by the active devices is modeled as a -directed current source located at the geometric center of the circular parallel plane pair. The cross section of the coaxial current feed is represented by an electrically small circle of radius . When the spacing between the power and the return planes is less than a half wavelength at the highest frequency under study, the only modes supported by the structure are the radial transmission-line modes with no variation in the and directions. For a lossless circular power-return plane pair, only the and components are nonzero [8] . Solving the 2-D Helmholtz equation in cylindrical coordinates yields (2) where and are arbitrary constants depending on the source and boundary conditions. In (2) , is the radial distance from the center, and is the real-valued radial wave number for the lossless structure. and are the zeroth and the first-order Hankel functions of the first kind representing the inward traveling wave. Similarly, and are the zeroth and the first-order Hankel functions of the second kind representing the outward traveling wave.
Since has no variation in the direction and has no variation in the direction, it is possible to uniquely define the -direction voltage and the radial current as
With the source condition at and the boundary condition at (assuming the structure is bounded by PMC walls), and in (2) can be uniquely determined. The input impedance at is then given by the following closed-form expression [8] (4) where and are the zeroth and first-order Bessel functions of the first kind, and are the zeroth and first-order Bessel functions of the second kind.
Power-return plane structures in real products are made of imperfect conductors and imperfect dielectric substrates. For these geometries, the input impedance expression given in (4) need to be modified by replacing the wave number with a complex propagation constant that incorporates the dielectric and conductive losses. If the planes are made of good conductors and the planes are much thicker than a skin depth of the conductor, a complex propagation constant for electrically thin power-return plane structures of arbitrary shape is given by [9] (5) where is the loss tangent of the dielectric substrate. In (5), is the skin depth of the conductor given by (6) where is the conductivity of the plane conductor.
The presence of imperfect conductor planes creates a finite tangential electric field, , corresponding to the current flowing along the conductor. However, the magnitudes of the tangential electric field are generally trivial compared to the magnitudes of the normal electric field in most PCB and MCM designs [9] . At the boundary between the power planes and the dielectric substrates, the electric fields are still nearly perpendicular to the planes. Consequently, we can still approximately define the voltage between two planes and the radial current. Using the same source condition at , and the boundary condition at , the input impedance of a lossy circular power-return plane pair evaluated at is given by (7) where (8) The input impedance of a circular power-return plane pair given in (7) is comprised of six Bessel functions with complex arguments. Four out of the six Bessel functions are functions of the feed port radius . For power-return plane structures in PCBs and MCMs, the feed port radii are usually electrically small and the structures are generally not over damped. In such case, these four terms related to the feed port radius can be simplified using the small-argument approximations of the Bessel functions resulting in if and (9) In (9), and are the real and the imaginary part of the propagation constant, , respectively. is the Euler constant. A detailed derivation of (9) is provided in the appendix.
Assuming the circular power-return plane structure is electrically large, and the feed port radius is small, it can be shown that the magnitude of the input impedance for a circular power-return plane structure reaches its maximum around . An upperbound envelope can be found for the magnitude of the input impedance as if (10) The derivation of (10) is detailed in the appendix. The upperbound envelope given in (10) is a relatively simple analytical function of the frequency, the dimensions of structures, the dimensions of the feed port, and the spacing between the power and return planes. It is also a function of the material parameters of the circular power-return plane structure. To validate this expression, the input impedance and its upperbound envelope were calculated for two circular boards using (7) and (10), respectively. The radius of each test board was 3.8 cm. Both boards were fed by circular current sources at their geometric centers. The radius of the feed port was 5 mils for both boards. The two circular planes in one test board were separated by a layer of 19.2-mil thick FR4 with a relative permittivity of 3.92 and a loss tangent equal to 0.021. The second board employed a layer of 4.0-mil EmCap 1 material with a relative permittivity of 36 and a loss tangent of 0.015. The calculated input impedances between 1 MHz and 5 GHz are plotted 1 EmCap is a registered trademark of Sanmina Corporation. in Fig. 2 . The input impedance of the FR4 board has two resonances around 2.425 and 4.438 GHz corresponding to and , respectively. Though the upperbound envelope calculated using (10) does not exactly match the peaks at these two resonance frequencies, the difference is within 15%. The EmCap board exhibits more resonances than the FR4 board because of the much higher relative permittivity of the dielectric substrate. But the resonance peaks in the EmCap board are more damped compared to the FR4 board. Around the resonance frequencies, the upperbound envelope predicted by (10) is about 20% higher than the input impedance for the EmCap board. Fig. 3 plots the calculated input impedance and the upperbound envelope for another circular board. The radius of this power-return plane structure was also equal to 3.8 cm. The dielectric substrate in this board was a layer of 0.2-mil C-Ply 2 material with a relative permittivity of 21.5 and a loss tangent equal to 0.044. The feed port was located at the geometric center with a radius of 5 mils as in the previous two boards. The input impedance of the C-Ply board was significantly damped as demonstrated in Fig. 3 . The envelope predicted by (10) is about 30% higher than the resonance peaks of the calculated input impedance using (7) for this lossy power-return plane structure.
The modeling results suggest that the difference between the upperbound envelope and the input impedance around resonances is more prominent for lossy circular power-return plane structures. To develop a better approximation for high-loss structures, the characteristic impedance of the radial transmission line is used to estimate the input impedance of a circular power-return plane structure.
According to the relation between the Hankel function and the Bessel function of the same order, the -direction voltage and the radial current can also be expressed in traveling-wave solutions as (11) where (12) Accordingly, the wave impedance can be calculated as (13) where is the characteristic impedance of the lossy radial transmission line. According to (11)- (13) (14) When , board resonances are essentially eliminated. The input impedance of such high-loss structures can be accurately approximated by the characteristic impedance evaluated at the feed ports (15) If the feed port radius is electrically small at all frequencies of interest, the expression in (15) can be simplified using the small-argument approximations given in (9). In particular, when such that and and , (15) can be further reduced to (16) Fig. 4 plots the input impedance of the 0.2-mil C-Ply board and its approximation using the characteristic impedance given in (16). Compared to the envelope given in (10), the characteristic impedance is a better approximation to the input impedance for this high-loss board.
In summary, the expressions given in (5), (10) , and (16) can be used to estimate the input impedance of a center-fed circular power-return plane structure without running numerical simulations. First, the complex propagation constant of the structure, , can be calculated according to (5) using the geometrical and material parameters. For low loss structures, where the real part of is much less than the imaginary part of , an upperbound envelope of the input impedance can be calculated using (10) . For high-loss structures where the real part of is approaching or greater than one-half of the imaginary part of , the input impedance can be approximated using the characteristic impedance given in (16).
III. HIGH-LOSS POWER-RETURN PLANE STRUCTURES OF ARBITRARY SHAPE
The expression given in (10) predicts an upperbound envelope for the magnitude of the input impedance of a circular power-return plane structure assuming the structure is fed at its geometric center. However, power-return plane structures in PCBs and MCMs are generally not circular and the feed and observation ports are not necessarily at the geometric centers of the structures. As a result, the magnitudes of the power-bus input and transfer impedance are not only determined by the board dimensions, the port dimensions, the spacing between the planes, and the loss in the structure, but they are also affected by the shape of the structure and the relative port locations on the board. However, for high-loss power-return plane structures where the board resonances are significantly damped or essentially eliminated, the exact shape of the board edges does not have a significant effect on the power-bus impedance. The maximum amplitude of a wave reflected from a board edge is proportional to , where D is the shortest distance from the feeding point to the board edge. When the value of this factor is below a given threshold (e.g., 5%), the impact that the exact shape of the board has on the feed point impedance may no longer be considered to be significant.
Embedded capacitance boards are good examples of PCBs with high-loss power-return plane structures [10] . For such high-loss structures, as long as the ports are not near the edges, the simplified expressions developed for the circular structures can be used to estimate the input impedance of an arbitrarily shaped board. Fig. 5 compares the calculated input impedance of a 7.6 by 7.6-cm square board to the input impedance of a circular board with a diameter equal to 7.6 cm. Both boards are fed at the geometric center with a -directed current probe. The feed wire radius is 5-mils for both boards. The power and the return planes in both structures are separated by a layer of 0.2-mil C-Ply material. The input impedance of the square board is calculated using the cavity model [9] . The input impedance of the circular board is calculated using the full formula in (7) and approximated by the characteristic impedance at the feed port using (16). As we can see, the power-bus resonance frequencies are determined by the edges. However, since the power-bus resonances are significantly damped in these C-Ply boards, the approximate calculation in (16) can be used to provide a good estimate of the power-bus impedance for the square board.
IV. CONCLUSION
A closed-form estimate for the input impedance of circular power-return plane structures has been developed. The dielectric and conductive losses are incorporated in a complex propagation constant. When the feed port is small compared to a wavelength and the structure is not over-damped, the upperbound envelope of the input impedance can be calculated using a simple analytical expression based on geometric and material parameters. For high-loss structures, a better approximation for the input impedance is the characteristic impedance of the circular power-return plane structure. Since the board resonances are significantly damped in high-loss power return plane structures, the exact shape of the board does not have a significant effect on the input impedance. Consequently, the closed-form expression developed for circular structures can be used to estimate the input impedance of power-return plane pairs of any shape.
APPENDIX EVALUATION OF THE UPPERBOUND ENVELOPE FOR THE INPUT IMPEDANCE OF A CIRCULAR POWER-RETURN PLANE STRUCTURE
With conductive and dielectric losses, the input impedance of a center-fed circular power-return plane structure is given by This expression contains six Bessel functions with complex arguments. Four out of the six Bessel functions are dependent on the feed port radius . If the feed port radius is electrically small and the structure is not over damped, these four terms related to the feed port radius can be simplified using small-argument approximations of the Bessel functions.
A. Small-Argument Approximation of
According to the addition theorems [11] , for Bessel functions of the first kind with general arguments and , if (A4)
In (A4), the orders and of the Bessel functions are arbitrary integers. Furthermore, for Bessel functions of integer order , according to [11] , [12] (A5)
And the Bessel functions with pure imaginary arguments are related to the modified Bessel functions as [11] , [12] (A6) Using (A4)-(A6), the term can be expanded into
The Bessel functions with small arguments can be approximated as [13] for In (A8), is the Euler constant. Using (A8), when the feed wire radius is very small compared to a wavelength, can be approximated by In (A10), the orders and of the Bessel functions are arbitrary integers [11] . If , the term can be expanded to (A11) When the feed-wire radius is very small compared with a wavelength, using the small-argument approximations given in (A8), can be approximated by (A12) When , (A12) can be simplified using binomial expansions resulting in (A13)
C. Small-Argument Approximation of
According to (A4)-(A6), when , can be expanded to (A14) When the feed-wire radius is very small compared to a wavelength, using the small-argument approximations given in (A8) yields (A15)
D. The Small-Argument Approximation of
According to (A4)-(A6), when , can be expanded to (A16) When the feed-wire radius is very small compared to a wavelength, the first two terms in (A16) can be simplified using the small-argument approximations given in (A8) as Consequently, for an electrically large circular power-return plane structure with an electrically small feed port, the magnitude of the input impedance in (A1) can be approximated by (A23)
Applying the Minkowski inequality to (A23) yields an upper bound limit for the input impedance (A24) In (A24), and are monotonic in the vicinity of . is the only term in the expression that oscillates. Therefore, peaks when reaches its maximums. When the board is electrically large, large-argument approximations of the Bessel functions can be applied [13] (A25)
reaches its peaks when (where ). And the maximum of is given by (A26)
Consequently (A27)
This expression can be further simplified using the approximations given in (A13) and (A20) (A28) Equation (A28) can be used to determine an upper bound for the input impedance of a general circular power-return plane structure assuming the structure is electrically large and the feed port (located at the geometric center of the structure) is electrically small.
